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A PARAMETRIC JET-INTERPOLATION THEOREM FOR
HOLOMORPHIC AUTOMORPHISMS OF Cn
RICCARDO UGOLINI
Abstract. We consider the problem of interpolating a holomorphic family
of nondegenerate holomorphic jets on Cn for n > 1, parametrized by points
in a Stein manifold, by a holomorphic family of automorphisms of Cn. We
show that under a suitable topological condition it is possible to find a so-
lution, thereby generalizing results of Forstnericˇ and Varolin concerning the
nonparametric jet interpolation by automorphisms.
1. Introduction
The study of the holomorphic automorphism group Aut(Cn) of the complex
Euclidean space Cn of dimension n > 1 has been an important topic in complex
analysis ever since the seminal work of Rosay and Rudin [15]. The theory became
especially interesting with the advent of the Anderse´n-Lempert theory [1, 8]. For
surveys of this subject we refer to [5, Chapter 4] and [10].
In 1999 it was proved by Forstnericˇ [4] that every finite order jet of a locally
biholomorphic map at a point of Cn can be matched by the jet of a holomorphic
automorphism of Cn. Furthermore, Buzzard and Forstnericˇ showed in [2] that this
can be done simultaneously at all points of a tame discrete set in Cn. Varolin [17]
established the analogous result for jet-interpolation at one point with Cn replaced
by any Stein manifold with the holomorphic density property and, more generally,
in any Lie algebra of vector fields with the density property.
The aim of the present paper is to extend this jet interpolation theorem for
holomorphic automorphisms of Cn to a holomorphic family of jets parametrized by
points of a Stein manifold. Our main result is the following.
Theorem 1.1. Let X be a finite dimensional Stein space, {aj}j∈N, {bj}j∈N ⊂ C
n
(n > 1) be tame sequences of points and mj ∈ N = {1, 2, . . .}, j > 0. For
every j ∈ N let P j : X → J
mj
aj ,bj
(Cn) be a holomorphic familiy of mj-jets such
that P jx(aj) = bj, ∀x ∈ X. Then there exists a nullhomotopic holomorphic map
F : X → Aut(Cn) such that
Fx(z) = P
j
x(z) +O(|z − aj |
mj+1) for z → aj , j ∈ N, x ∈ X
if and only if the linear part map Qj : X → GLn(C) of P
j at the point aj is
nullhomotopic for every j ∈ N. Furthermore, if JP jx(z) = 1 + O(|z − aj |
mj+1) for
all x ∈ X, j > 0 and the sequences are very tame, then we can take Fx to be volume
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preserving for all x ∈ X. (Here, J denotes the Jacobian determinant with respect
to the variable z ∈ Cn.)
Recall that a discrete sequence of points {aj}j∈N ⊂ C
n without repetition is
called tame if it can be mapped to the sequence {(j, 0, . . . , 0)}j∈N by a holomorphic
automorphism of Cn; see Definition 2.1. (This notion was introduced by Rosay and
Rudin [15]. The order of points in the sequence does not matter and hence there
is a well defined notion of a tame discrete set.) A map F : X → Aut(Cn) from a
complex manifold X into the holomorphic automorphism group of Cn is said to
be holomorphic if the evaluation map X × Cn → Cn given by F (x)(z) =: Fx(z)
is holomorphic; see Definition 2.3. A map is nullhomotopic if it is homotopic to a
constant map; see Definition 2.4. An automorphism F = (F1, . . . , Fn) ∈ Aut(C
n)
is said to be volume preserving if its Jacobian determinant JF = detF ′(z) equals
one at each point z ∈ Cn; equivalently, if dF1 ∧ · · · ∧ dFn = dz1 ∧ · · · ∧ dzn. We
denote by Jkp,q(C
n) the space of all nondegenerate k-jets of holomorphic maps from
a neighborhood of p to a neighborhood of q in Cn sending p to q; this is a open
subset of a complex Euclidean space whose dimension depends on k and n. We
refer to Section 2 for formal definitions of these notions.
In the special case of a finite number of families of jets P j : X → JKaj ,aj (C
n),
j = 1, . . . , j0, K ∈ N, tangent to the identity map at the points a1, . . . , aj0 ∈ C
n,
Theorem 1.1 was established by Kutzschebauch and Lodin [12, Lemma A.4] who
also proposed a solution for finite but arbitrary (not necessarily tangent to the
identity) nondegenerate families of jets. Here we provide a detailed analysis and
obtain jet interpolation on any infinite tame set in Cn. The special case of The-
orem 1.1 for a finite family of jets, not necessarily tangent to the identity, is an
easy consequence of our main technical tool, Proposition 2.5, which deals with the
possibility of interpolating a family of jets at one point of Cn while at the same
time interpolating the identity map up to a given finite order N at finitely many
other points of Cn.
The basic jet interpolation theorems of Forstnericˇ [4] and Varolin [17] proved
useful in constructions of holomorphic automorphisms with prescribed dynamical
behaviour and were applied in many subsequent works, examples being the theorem
of Peters and Wold on non-autonomous basins of attraction of automorphisms [14]
or the work of Forstnericˇ, Ivarsson, Kutzschebauch and Prezelj on holomorphic
embeddings of Stein manifolds into Euclidean spaces with interpolation on a discrete
set [6]. We hope that our parametric version of this result will provide a useful tool
in the investigation of dynamics of families of automorphisms, and especially in
the study of bifurcation phenomena in such families. In this context, we wish to
mention that Diederich, Fornæss and Wold have recently established the case of a
smooth parameter [3].
The hypothesis in Theorem 1.1 that the linear part Qj : X → GLn(C) of the jet
map P j be nullhomotopic is unnecessary in the case of a single family of jets; the
following result may be of some independent interest. We observe that the resulting
interpolating map needs not to be nullhomotopic.
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Proposition 1.2. Let X be a reduced Stein space and P : X → Jk0,0(C
n) (k ∈ N, n > 1)
be a holomorphic family of jets fixing the origin of Cn. Then there exists a holo-
morphic map F : X → Aut(Cn) such that the following holds for any point x ∈ X:
Fx(z) = Px(z) +O(|z|
k+1) for z → 0.
Furthermore, if JPx(z) = 1 + O(|z|
k+1) holds for every x ∈ X, then we can take
Fx ∈ Aut(C
n) to be volume preserving for all x ∈ X.
Let us indicate why this result holds without any topological condition. Let
S = {F ∈ Aut(Cn) : F (z) = z +O(|z|2) for z → 0}.
Clearly, S is a subgroup of Aut(Cn), called the Schwarz subgroup by Forstnericˇ and
La´russon [7]. Note that S is contractible; indeed, Ft(z) = t
−1F (tz) for z ∈ Cn
and t ∈ (0, 1] defines a homotopy in S from F1 = F ∈ S to F0 = Id. Every
F ∈ Aut(Cn) with F (0) = 0 can be written uniquely in the form F = Q ◦H for
Q = F ′(0) ∈ GLn(C) and H ∈ S. This easily implies that the group Aut(C
n)
retracts onto GLn(C), hence all its topology is carried by GLn(C).
In the context of Proposition 1.2, let Q : X → GLn(C) denote the linear part map
of the jet P : X → Jk0,0(C
n) at 0 ∈ Cn. Then, P = Q ◦ P˜ where P˜ : X → Jk0,0(C
n)
has linear part at 0 ∈ Cn equal the identity. It now suffices to find a holomorphic
map F˜ : X → S whose k-jet map at the origin equals P˜ . Since the group S is
contractible, there is no topological obstruction for the existence of such F˜ . Clearly,
this approach fails when trying to interpolate at more than one point of Cn.
The proof of our main technical tool, Proposition 2.5, will follow the line of
[4, proof of Proposition 2.1]; however, nontrivial difficulties arise when considering
holomorphic families of automorphisms. As indicated above, the main problem is
caused by the linear part of the jet and is of topological nature. To overcome this
problem, we shall use the solution to the holomorphic Vaserstein problem, obtained
by Ivarsson and Kutzschebauch [9], which itself requires a suitable topological con-
dition to hold. Given the importance of their result for our work, we state it here
explicitly for the convenience of the reader.
Theorem 1.3 (Ivarsson and Kutzschebauch [9]). Let X be a finite dimensional
reduced Stein space and f : X → SLn(C) be a nullhomotopic holomorphic mapping.
Then there exist an integer K ∈ N and holomorphic mappings
G1, . . . , GK : X → C
n(n−1)/2
such that f can be written as a product of upper and lower diagonal unipotent matrix
functions of x ∈ X:
f(x) =
(
1 0
G1(x) 1
)(
1 G2(x)
0 1
)
. . .
(
1 GK(x)
0 1
)
.
A reduced Stein space is called finite dimensional if its smooth part has finite
dimension. All the results in the present paper hold for such spaces and the finite
dimensional condition is necessary every time we apply Theorem 1.3. We shall see
that the solution to the holomorphic Vaserstein problem is not necessary in the
proof of Proposition 1.2, hence this result holds for every reduced Stein space.
We now provide a sketch of proof of Proposition 2.5, assuming that p = q = 0;
we suggest the reader to locate its content in Section 2. Given a holomorphic family
4 RICCARDO UGOLINI
of jets P : X → Jk0,0(C
n) at the origin 0 ∈ Cn, we begin by finding finitely many
homogeneous polynomial maps P jx : C
n → Cn, j = 1, . . . , k, depending holomor-
phically on x ∈ X , such that Px(z) = P
1
x (z) + · · ·+ P
k
x (z) holds for all x ∈ X and
z ∈ Cn. We will then find holomorphic maps Sj : X → Aut(C
n) for j = 0, . . . , k
satisfying
(i) Sxj ◦ · · · ◦ S
x
0 (z) = P
1
x (z) + · · ·+ P
j
x(z) +O(|z|
j+1) for z → 0;
(ii) Sxj (z) = z +O(|z − ai|
N ) for z → ai,
for every 1 ≤ j ≤ k and each prescribed point ai, 1 ≤ i ≤ m, where N ∈ N is an
arbitrarily large integer. Our interpolating map F : X → Aut(Cn) will then be the
composition Fx = S
x
k ◦ · · · ◦ S
x
0 (x ∈ X) of such automorphisms. For j ≥ 2 the
existence of Sj will be a straightforward generalization of the construction in [4],
while interpolating the linear part of the jet will not be as easy. We can identify the
linearization of P at 0 ∈ Cn with a map Q : X → GLn(C). We will first take care of
the determinant in order to reduce the problem to the case when Q : X → SLn(C);
this step will already require the map Q to be nullhomotopic. In the next and
crucial step we use Theorem 1.3 to obtain a decomposition of Q : X → SLn(C)
into a product of unipotent matrices. The terms of this decomposition provide us
with automorphisms interpolating the linear part of the jet. The details of the
proof can be found in Section 2.
In order to prove the if part of Theorem 1.1, we will use Proposition 2.5 recur-
sively in order to construct a sequence of families of automorphisms ψj : X → Aut(C
n),
j ∈ N such that every finite composition F kx := ψ
x
k ◦ · · · ◦ψ
x
1 interpolates the first k
jets at the first k points of the given tame sequence (aj)j∈N ⊂ C
n. We will obtain the
desired family of automorphisms as a locally uniform limit Fx = limk→∞ F
k
x ∈ Aut(C
n)
for x ∈ X . The only if statement is easily obtained as follows. Let F : X → Aut(Cn)
be the interpolating map and F t the homotopy connecting F = F 1 to the identity
map F 0. The differential with respect to the variable z ∈ Cn at each of the points
aj is then a homotopy dF
t
aj : X → GLn(C) connecting each linear part to the
identity matrix. The details can be found in Section 2.
After proving Proposition 2.5 and Theorem 1.1, we will present a corollary of our
main result and of the recent result of Kutzschebauch and Ramos-Peon [13] con-
cerning the possibility of interpolating a holomorphically moving family of points
by a holomorphic family of automorphisms. Combining their result with our The-
orem 1.1 for a finite number of points yields a theorem on interpolating a holomor-
phically moving collection of points, as well as finite order jets at these points, by
a holomorphic family of automorphisms; see Corollary 2.8.
In the last section we discuss possible generalizations of Theorem 1.3 and their
applications to jet interpolation, and we prove a parametric jet interpolation theo-
rem for jets fixing a k dimensional affine complex subspace of Cn for some k < n;
see Theorem 3.7.
2. Main results
We begin this section with definitions of a nondegenerate jet, of a tame set, and
of a holomorphic family of automorphisms.
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Definition 2.1. A discrete sequence of points (aj)j∈N ⊂ C
n without repetition is
tame if there exists a holomorphic automorphism F ∈ Aut(Cn) such that
F (aj) = (j, 0, . . . , 0) for all j = 1, 2, . . . .
The sequence (aj)j∈N is very tame if we can choose F to be volume preserving.
It is easily seen that this definition does not depend on the ordering of the points,
so that the notion of a tame set is well defined. We refer the reader to Rosay and
Rudin [15] for properties and results on tame sets.
Definition 2.2. Let U ⊂ Cn be a open neighborhood of a point p ∈ Cn. Given a
holomorphic map F : U → Cn we denote by [F ]kp its k-jet at the point p, that is,
its Taylor polynomial of order k at p. We say that the jet is nondegenerate if its
linear part has nonzero determinant. The set of all nondegenerate k-jets at a point
p ∈ Cn will be denoted by Jkp,∗(C
n). For q ∈ Cn, we will denote by Jkp,q(C
n) the set
of all P ∈ Jkp,∗(C
n) such that P (p) = q.
We observe that Jkp,∗(C
n) can be identified with an open set in a complex Eu-
clidean space, and any element of it can be identified with a polynomial map
Cn → Cn of degree at most k whose linear part is nondegenerate.
Definition 2.3. Let X be a complex manifold. A map F : X → Aut(Cn) is
holomorphic if the evaluation map F (x)(z) =: Fx(z) is holomorphic in the usual
sense as a map from X × Cn into Cn.
The main condition of Theorem 1.1 is topological, namely we ask all the relevant
maps to be nullhomotopic.
Definition 2.4. Let A,B be any two topological spaces. A continuous map f : A→ B
is said to be nullhomotopic if there exists a continuous homotopy F : [0, 1]×A→ B
such that F (1, ·) =: F 1 = f and F 0 is a constant map.
Since for p ∈ Cn both Jkp,p(C
n) and Aut(Cn) are path connected, we will always
assume that a nullhomotopic map is homotopic to the jet of the identity map or to
the identity map respectively.
The proof of Theorem 1.1 is based on the following technical result. For the
nonparametric case, see [4, Proposition 2.1].
Proposition 2.5. Let X be a Stein manifold, n > 1 and k ∈ N be integers,
p, q ∈ Cn, and P : X → Jkp,q(C
n) be a holomorphic family of jets at p with P (p) = q.
Let Qx be the linear part of Px at p, i.e. Px(z) = q+Qx(z−p)+O(|z−p|
2) as z → p
for every x ∈ X, and assume that the map Q : X → GLn(C) is nullhomotopic.
Given finitely many points {ai}
i0
i=1 ⊂ C
n \ {p, q}, an integer N ∈ N, a compact set
T ⊂ X, a compact convex set K ⊂ Cn such that p, q /∈ K, and a number ǫ > 0, there
exists a holomorphic map F : X → Aut(Cn) satisfying the following conditions:
(i) Fx(z) = Px(z) +O(|z − p|
k+1) for z → p and for every x ∈ X.
(ii) Fx(z) = z +O(|z − ai|
N ) for z → ai, 1 ≤ i ≤ i0 and for every x ∈ X.
(iii) |Fx(z)− z| < ǫ for every x ∈ T and z ∈ K.
(iv) If JPx(z) = 1 + O(|z − p|
k+1) holds for every x ∈ X, then we can take
Fx ∈ Aut(C
n) to be volume preserving for all x ∈ X.
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(v) If {cj}j∈N ⊂ C
n(K ∪ \{p, q}) is a discrete set contained in the z1-axis, we
can also ensure that
Fx(cj) = cj for every x ∈ X and j ∈ N.
Note that Theorem 1.1 for a finite number of points a1, . . . , ai0 and b1, . . . , bi0
follows directly from this proposition by considering a composition of automor-
phisms each interpolating a single jet and fixing all the other points up to order
N > maxi=1,...,i0 mi. We will pay particular attention to the case i0 = 1 in order
to prove Proposition 1.2 together with Proposition 2.5.
The importance of the approximation condition (iii) is clearly seen in [2] where
the authors used [4, Proposition 2.1] (the nonparametric version of Proposition 2.5)
multiple times, thereby constructing a sequence of automorphisms which are closer
and closer to the identity map on larger and larger compact sets in Cn. They con-
sidered a composition of such a sequence and were able to use the convergence result
[4, Proposition 5.1] precisely because of the estimate provided by approximating
the identity on a compact set. We shall make a similar use of it in this paper.
In the proof of Proposition 2.5, we need an existence result for holomorphic
functions from X×C to C. We state it separately afterwards as it is an elementary
but rather technical tool that would divert the reader’s attention if exposed within
the proof of Proposition 2.5.
Proof of Proposition 2.5 and Proposition 1.2. Wewould like to assume that p = q = 0.
An volume preserving automorphism moving the point p to the point q while sat-
isfying (ii),(iii) and (v) is provided by [2, Theorem 1.2]. Using the same result we
can assume that the point p = q is in the z1-axis and positioned in such a way that
the projection of K on this axis is far from p. Without loss of generality we can
assume that p = 0.
We shall inductively construct automorphisms Sxj : C
n → Cn for j = 0, 1, . . . k,
depending holomorphically on x ∈ X and satisfying the following properties for
every r ∈ {1, . . . k}:
(ar) Px ◦ (S
x
0 )
−1 ◦ (Sx1 )
−1 ◦ · · · ◦ (Sxr )
−1 = z +O(|z|r) for z → 0;
(br) S
x
r ◦ · · · ◦ S
x
0 (z) = z +O(|z − ai|
N ) for z → ai, 1 ≤ i ≤ i0.
together with (iii) for εk+1 and (v). Furthermore, all maps S
x
j ∈ Aut(C
n) for x ∈ X
and j = 0, 1, . . . , r will be volume preserving if condition (iv) holds. Taking
Fx(z) := S
x
k ◦ · · · ◦ S
x
0 (z), x ∈ X
will furnish a holomorphic map F : X → Aut(Cn) satisfying the above conditions.
Let {λj}
n
j=1 be a basis of the dual space (C
n)∗ such that λj(ai) 6= 0, 1 ≤ i ≤ i0,
1 ≤ j ≤ n. We further require that their kernels are almost orthogonal to the
z1-axis. A basis with these properties exists as being a basis is a generic condition
and our requirements determine an open subset of (Cn)∗. We observe that this
choice implies that the image of K under any of these maps is disjoint from 0 and
the image of {cj}j∈N is still a discrete sequence. Let {ej}
n
j=1 be its dual basis of
Cn such that |e2| = 1. We shall also write 〈z, w〉 =
∑n
j=1 zjwj .
We will first determine the maps Sx0 and S
x
1 . Observe that if we look at the
linear part of the jet we have
Px(z) = P
1
x (z) + O(|z|
2) = Qx(z) +O(|z|
2), z → 0;
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hence we require that Sx1 ◦ S
x
0 (z) = Qx(z) +O(|z|
2) as z → 0.
Since the map Q : X → GLn(C) is nullhomotopic, so is the determinant map
detQ : X → C \ {0}. Hence by the homotopy lifting property there exists a holo-
morphic function g : X → C such that eg(x) = det(Qx) holds for all x ∈ X . Assume
there exists f ∈ O(X × C) such that
(1) |f |T×λ1(K) <
ε
k+1 ;
(2) fx(ζ) = g(x) +O(|ζ|) for ζ → 0;
(3) fx(ζ) = O(|z − λ1(aj)|
N ) for ζ → ai, i = 1, . . . , i0;
(4) fx(λ1(cj)) = 0, j > 0;
(we postpone the proof of the existence of such a function [Lemma 2.6]) and consider
the holomorphic family of overshears
Sx0 (z) = z + (e
fx(λ1(z)) − 1)〈z, e2〉e2 = (z1, z2e
fx(λ1(z)), z3 . . . , zn), x ∈ X.
It is easily seen that its Jacobian determinant satisfies
J(Sx0 )(z) = e
fx(λ1(z)) = eg(x) +O(|z|) for z → 0
as the Jacobian matrix is triangular. Since we also have that
Sx0 (z) = z +O(|z − ai|
N ) for z → ai, 1 ≤ i ≤ i0,
we see that Sx0 satisfies condition (b0) above and that the linear part of Qx ◦(S
x
0 )
−1
at 0 ∈ Cn belongs to SLn(C) for all x ∈ X . Furthermore, since the linear part of
the map X ∋ x 7→ Sx0 is nullhomotopic, so is the linear part of x 7→ Qx ◦ (S
x
0 )
−1.
Conditions (1) and (4) provide (iii) and (v). (When Qx ∈ SLn(C) for all x ∈ X ,
we may simply take Sx0 = Id.)
We can now apply Theorem 1.3 (the holomorphic Vaserstein problem) in order
to find an integer M ∈ N and holomorphic maps G1, . . . , GM : X → C
n(n−1)
2 such
that the linear part of Qx ◦ (S
x
0 )
−1 at 0 ∈ Cn equals the product of lower and upper
triangular matrices
(⋆)
(
1 0
G1(x) 1
)(
1 G2(x)
0 1
)
. . .
(
1 GM (x)
0 1
)
.
Each of these triangular matrices can be further decomposed into a product of
elementary matrices Tj,l = I + αxej,l, j 6= l, where αx ∈ C and ej,l is the matrix
with 1 in position (j, l) and zero elsewhere. The function α : X → C is holomorphic
since it is the term in position (j, l). For each element of this decomposition,
consider the holomorphic family of shear automorphisms
Lx(z) = z + hx(λj(z))el, x ∈ X, z ∈ C
n
where h : X × C→ C is such that
(1) |h|T×λj(K) <
ε
(k+1)∗M∗n2 ;
(2) hx(ζ) = αxζ + O(|ζ|
2) for ζ → 0;
(3) hx(ζ) = O(|z − λj(aj)|
N ) for ζ → aj , i = 1, . . . , i0;
(4) hx(λj(ci)) = 0, i > 0.
(again, the existence will be discussed later). Observe that
Lx(z) = (I + αxej,l)z +O(|z|
2) for z → 0
and
Lx(z) = z +O(|z − ai|
N ) for z → ai, 1 ≤ i ≤ i0.
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Hence, the composition Sx1 of these families of shears, as they appear in the cor-
responding matrix decomposition (⋆), is a volume preserving automorphism of Cn
depending holomorphically on x ∈ X and satisfying conditions (a1), (b1), (iii) and
(v).
When we are fixing only the point 0 ∈ Cn as in Proposition 1.2, we just take
Sx0 = Id and S
x
1 = Qx; clearly this does not require any topological condition on Q.
This concludes the construction of the maps S0, S1 : X → Aut(C
n).
In order to find maps S2, . . . , Sk : X → Aut(C
n) we proceed inductively. Assume
that for some integer r ∈ {2, . . . , k} we have already found maps S0, S1, . . . , Sr−1
such that conditions (ar−1), (br−1), (iii), (iv) and (v) hold. Then
Px ◦ (S
x
0 )
−1 ◦ (Sx1 )
−1 ◦ · · · ◦ (Sxr−1)
−1(z) = z + P rx (z) +O(|z|
r+1) for z → 0,
where P rx is a homogeneous polynomial vector field of order r on C
n depending
holomorphically on x ∈ X .
We now use [12, Lemma A.6] in order to obtain numbers A,B ∈ N, linear maps
{λj}
A
j=1, {µj}
B
j=1 ⊂ (C
n)∗ and vectors {vj}
A
j=1, {wj}
B
j=1 ⊂ C
n with λj(vj) = 0
and µj(wj) = 0 for all j such that the homogeneous polynomial maps of degree r
given by
z 7→ (λj(z))
rvj , j = 1, . . . A,
together with
z 7→ (µj(z))
r−1〈z, wj〉wj , j = 1, . . . B
form a basis for the vector space of homogeneous polynomial vector fields of degree
r on Cn. Hence we can write
P rx (z) =
A∑
j=1
cjx(λj(z))
rvj +
B∑
j=1
djx(µj(z))
r−1〈z, wj〉wj , x ∈ X, z ∈ C
n
for uniquely determined holomorphic functions cj , dj : X → C. Recall that the coef-
ficients dj are identically zero if the vector field P rx has vanishing divergence. Thanks
to [12, Lemma A.5] we can furthermore ensure that µj(ai) 6= 0 and λj(ai) 6= 0 for
all i = 1, . . . , i0 and all j in the appropriate range and the kernel of each of these
linear forms is almost orthogonal to the z1-axis. For each term in the above decom-
position we consider the following families of shears depending holomorphically on
x ∈ X :
Lx(z) = z + fx(λj(z))vj , z ∈ C
n
where f satisfies
(1) |f |T×λj(K) <
ε
(k+1)∗A∗B ;
(2) fx(ζ) = c
j
xζ
r +O(|ζ|r+1) for ζ → 0;
(3) fx(ζ) = O(|z − aj |
N ) for ζ → aj , j = 1, . . . , i0;
(4) fx(cj) = 0, j > 0;
and
Rx(z) = z + (e
hx(µj(z)) − 1)〈z, wj〉wj , z ∈ C
n
where h satisfies
(1) |h|T×λj(K) <
ε
(k+1)∗A∗B ;
(2) hx(ζ) = c
j
xζ
r−1 +O(|ζ|r) for ζ → 0;
(3) hx(ζ) = O(|z − aj |
N ) for ζ → aj , j = 1, . . . , i0;
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(4) hx(cj) = 0, j > 0.
We define Sxr to be the composition of all mentioned Lx and Rx, the order not
being relevant. Examining the behaviour of each Lx and Rx near 0 and a1, . . . , ai0
like it was done for Sx0 and S
x
1 then proves that S
x
r satisfies conditions (ar) and
(br). As (iii), (iv) and (v) are clearly satisfied as well, this closes the induction
step.
After finitely many steps we find maps Sxj for j = 0, . . . , k such that condi-
tions (ak) and (bk) hold. Taking Fx(z) := S
x
k ◦ · · · ◦ S
x
0 (z) for x ∈ X furnishes a
holomorphic map F : X → Aut(Cn) satisfying the required conditions. 
Before completing the proof with Lemma 2.6, we show how to use Proposition 2.5
to obtain the main result.
Proof of Theorem 1.1. The proof amounts to a recursive application of Proposi-
tion 2.5 and is similar to the one given for the nonparametric case in the paper [2]
by Buzzard and Forstnericˇ. The main difference in the induction step is that here
we need to pay particular attention to what happens to the subsequent points of
the tame sequence.
As both sequences aj and bj are tame, we can change the families of jets and
assume that aj = bj = (j, 0, . . . , 0) =: je1, j ∈ N. Furthermore, as shown in [2], we
only need to prove this result at a discrete sequence {cj}j∈N of points contained in
the z1-axis, as for any such sequence there exists an automorphism Φ of C
n such
that
Φ(z) = je1 + (z − cj) +O(|z − cj |
mj+1), z → cj , j ∈ N.
Fix an exhausting sequence of compacts T1 ⊂ T2 ⊂ · · · ⊂ ∪
∞
j=1Tj = X and a
sequence of positive numbers {εj}j∈N ⊂ R>0 such that
∑∞
j=1 εj < +∞. We will
inductively construct the following:
(a) a discrete sequence of points {αj}j∈N ⊂ N ⊂ C,
(b) an exhausting sequence of convex compacts K1 ⊂ K2 ⊂ · · · ⊂ ∪
∞
j=1Kj = C
n
such that dist(Kj−1,C
n \Kj) > εj and αje1 /∈ Kj for all j > 1, and
(c) a sequence of holomorphic maps ψj : X → Aut(C
n) for j ∈ N,
such that for F kx := ψ
x
k ◦ · · · ◦ ψ
x
1 ∈ Aut(C
n) (x ∈ X, k ∈ N) we have that
(ik) F
k
x (z) = P
j
x(z) +O(|z − αje1|
mj+1) for z → αje1 and each j = 1, . . . , k;
(iik) F
k
x (ie1) = ie1 for every i > αk;
(iiik) ψ
x
j is εj-close to the identity on Kj for every x ∈ Tj and j ∈ N.
For the base of our induction, let K1 = B, the ball of radius one in C
n, and
α1 = 2. By Proposition 2.5 we can pick a family of automorphisms ψ
x
1 ∈ Aut(C
n)
(x ∈ X) such that properties (i1), (ii1) and (iii1) hold.
For the induction step, suppose we have constructed the objects in (a), (b) and
(c) satisfying properties (ij), (iij) and (iiij) for all j = 1, . . . , k. Pick a compact
convex set Kk+1 ⊂ C
n such that
(αk + 1)B ∪ F
k
x ((αk + 1)B) ⊂ Kk+1 for every x ∈ Tk+1
and
dist(Kk,C
n \Kk+1) > εk+1.
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Choose αk+1 ∈ N such that αk+1e1 /∈ Kk+1. We again invoke Proposition 2.5 to
obtain a holomorphic map ψk+1 : X → Aut(C
n) with the following properties:
(1) ψxk+1(z) = z + O(|z − αje1|
N ) as z → αje1 for every j = 1, . . . , k, where
the integer N > mj for every j < k + 1;
(2) ψxk+1(z) = [P
k+1
x ◦ (F
x
k )
−1]
mk+1
αk+1e1 +O(|z −αk+1e1|
mk+1+1) as z → αk+1e1;
(3) ψxk+1 is εk+1-close to the identity on Kk+1 for every x ∈ Tk+1;
(4) ψxk+1(je1) = je1 for every j > αk+1.
We then see that the holomorphic family of automorphisms defined by
F k+1x = ψ
x
k+1 ◦ F
k
x ∈ Aut(C
n), x ∈ X
satisfies properties (ik+1), (iik+1) and (iiik+1), so the induction may proceed.
The sequence of compacts Kj ⊂ C
n, j ∈ N constructed in this way clearly satis-
fies condition (b). According to [13, Lemma 4.1], the sequence {F k}k∈N converges
to a holomorphic family of automorphisms F : X → Aut(Cn) which interpolates
the given families of jets P jx at the points αje1 (j ∈ N) thanks to property (i). 
We now provide the technical lemma needed in the proof of Proposition 2.5.
Lemma 2.6. Let T ⊂ X be a compact set and K ⊂ C a convex compact set such
that 0 /∈ K. Let {ai}
i0
i=1 ⊂ C \ {0} and {cj}j∈N ⊂ C \ {0} be a discrete sequence.
Given β ∈ O(X), ε > 0 and r,N ∈ N, there exists a holomorphic f : X × C → C
such that
(1) |f |T×K < ε;
(2) fx(ζ) = β(x)ζ
r +O(|ζ|r+1) for ζ → 0;
(3) fx(ζ) = O(|z − aj |
N ) for ζ → aj, j = 1, . . . , i0;
(4) fx(cj) = 0, j > 0;
Proof. By Weierstrass factorization theorem there exists a holomorphic h : C→ C
which is zero exactly at the points cj and aj , we can further require that it is zero
up to order N at the points aj .
Since K is convex there is a holomorphic g : C→ C such that g(0) = 1h(0) and
|g|K <
ε
|β|T |h|K |ζr |K
.
Then fx(ζ) := β(x)ζ
rh(ζ)g(ζ) is the desired function. 
As mentioned in the introduction, we now combine our Theorem 1.1 with the
following theorem from [13] to obtain jet interpolation by automorphisms at moving
sets of points in Cn.
Theorem 2.7 (Kutzschebauch and Ramos-Peon [13]). Let X be a Stein manifold,
N ∈ N, and p1, . . . , pN be distinct points in C
n for some n > 1. Consider the space
(Cn)N with coordinates (z1, . . . , zN ), where zj ∈ C
n for j = 1, . . . , N . Given a
nullhomotopic holomorphic map
α = (α1, . . . , αN ) : X → (C
n)N \
⋃
i6=j
{zi = zj},
there exists a nullhomotopic holomorphic map F : X → Aut(Cn) satisfying
Fx(pj) = αj(x) for all x ∈ X and j = 1, . . . , N.
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This theorem is proved in [13] for any Stein manifold with the density property
instead of Cn, but we are only interested in the complex Euclidean space. As
stated by the authors, this is a parametric version of infinite transitivity, that is,
the possibility of moving any given finite set of points into any other set of points
with the same cardinality by using holomorphic automorphisms.
The following statement is a corollary to Theorem 1.1 and Theorem 2.7.
Corollary 2.8. Let X be a Stein manifold, {pj}
m
j=1 ⊂ C
n a finite set of points
and let kj , 1 ≤ j ≤ m be integers. Consider the nullhomotopic holomorphic maps
α : X → (Cn)m \
⋃
i6=j{zi = zj} and P
j : X → J
kj
pj ,∗(C
n), 1 ≤ j ≤ m such that
P jx(pj) = αj(x) for all x ∈ X and j = 1, . . . ,m. Then there exists a holomorphic
F : X → Aut(Cn) such that [Fx]
kj
pj = Px for all x ∈ X and j = 1, . . . ,m.
Proof. Since α is nullhomotopic, we can apply Theorem 2.7 in order to obtain
G : X → Aut(Cn) such that Gx(pj) = αj(x), 1 ≤ j ≤ m. Consider the jets
[G−1x ◦ P
j
x ]
kj
pj ∈ J
kj
pj ,pj (C
n) for 1 ≤ j ≤ m and apply Theorem 1.1 to obtain
H : X −→ Aut(Cn) such that [Hx]
kj
pj = [G
−1
x ◦ P
j
x ]
kj
pj , ∀x ∈ X, 1 ≤ j ≤ m.
This is possible because the considered jets are nullhomotopic, since the map G is
itself nullhomotopic. Then the map F : X −→ Aut(Cn) defined by Fx = Gx ◦Hx
has the required properties. 
3. Possible generalizations
After the jet interpolation theorem of Forstnericˇ [4], it didn’t take long before
Varolin proved a similar result for any manifold with the density property [17]. He
there also proved jet interpolation only at a point but described in a more precise
way what kind of automorphisms one can use. We now give some of his definitions
that will be useful to present a possible generalization of Vaserstein problem.
Definition 3.1. Let M be a complex manifold and g ⊂ XO(M) be a Lie subalgebra
of holomorphic vector fields on M . We say that g has the density property if the
subalgebra gint generated by complete vector fields is dense in g equipped with the
uniform topology on compact sets. We say that M has the density property if
XO(M) does.
This definition has first appeared in [18] and since became an interesting way to
study manifolds and complex structures. We suggest the interested reader to refer
to Varolin’s work for more insights.
Given a vector field X ∈ XO(M), we denote its flow by ϕ
t
X .
Definition 3.2. Let g ⊂ XO(M) be a Lie subalgebra of holomorphic vector fields
and p ∈M . We write Jkp,∗(M)g for the set of k-jets at p of the form [ϕ
tn
Xn
◦· · ·◦ϕt1X1 ]
k
p,
where X1, . . . , Xn ∈ g.
Definition 3.3. We denote by Autg(M) the subgroup of Aut(M) generated by
time-1 flows of complete vector fields in g.
Varolin proved that if g has the density property, then any jet in Jkp,∗(M)g can
be obtained as the jet in p of an automorphism in Autg(M).
Of course, the nature of the elements in Jkp,∗(M)g is strictly related to the Lie
algebra g. For k = 0 this is clear by the following definition.
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Definition 3.4. Given p ∈ M and a Lie algebra g ⊂ XO(M), we define the orbit
of g through p as
Rg(p) := {ϕ
tn
Xn
◦ · · · ◦ ϕt1X1(p) : X1, . . . , Xn ∈ g}.
The mentioned author observed that Rg(p) is a complex manifold and that
(t1, . . . tn) 7→ ϕ
tn
Xn
◦ · · · ◦ ϕt1X1(p) gives holomorphic local coordinates if X1, . . . , Xn
form a basis of the tangent space when evaluated at p.
If g has the density property, it is natural to expect a behaviour similar to the one
showed in the present paper for holomorphic families of jets in Jkp,∗(M)g. Following
Varolin’s proof for the nonparametric case, we are led to consider the following
generalization of the Vaserstein problem:
Generalized Vaserstein Problem. Let X be a Stein manifold, M be a complex
manifold and g ⊂ XO(M) be a Lie algebra with the density property. Given a
nullhomotopic holomorphic function F : X → Rg(p), then there exist complete
vector fields X1, . . . XN ∈ gint and holomorphic functions f1, . . . , fN : X → C such
that
F (x) = ϕ
fN (x)
XN
◦ · · · ◦ ϕ
f1(x)
X1
(p).
Theorem 1.3 solves the generalized Vaserstein problem in the following special
situation. The finite dimensional Lie algebra sln(C) of left invariant vector fields
has the density property, as it consists of complete vector fields only. The solution
of Theorem 1.3 appears to be more restrictive since the authors prove that the
representation uses only the special vector fields corresponding to the one parameter
subgroups t → exp(tei,j), i 6= j, where ei,j is the matrix with entry 1 in place
(i, j) and 0 elsewhere. However it is only a matter of simple linear algebra to
show that any representation using left invariant vector fields can be reduced to a
representation using these special fields only. The generalized Vaserstein problem
becomes much less restrictive if one enlarges the Lie algebra from sln(C) to the
algebra of all holomorphic vector fields on M = SLn(C) (which has the density
property by the work of Toth and Varolin [16]). We wonder whether the solution
is easier in this case than that of the original Vaserstein problem.
In our opinion, the ability to solve the generalized Vaserstein problem could
involve an answer to the following question, which has its own independent charm.
Question 3.5. Given an open set U ⊂ M , a vector field V ∈ XO(U) and a Lie
algebra g ⊂ XO(M), what conditions do we need to approximate V by elements of
g on compact subsets of U?
We know that for a Stein manifold M with the density property we only need
U to be Runge in M (setting g = XO(M)). This is one of the key ingredients of
the well known Andersen-Lempert theorem [10, Theorem 2]. We expect an answer
to this question to give a new version of this result, which would allow to obtain
elements of Autg(M) with specific local properties. An instance of such a result
has been proved by Kutzschebauch, Leuenberger and Liendo in [11, Theorem 6.3],
where they deal with singular varieties and vector fields vanishing on a subvariety
containing the singular locus.
We are able to give a positive answer to parametric jet interpolation for some
Lie algebras already considered in literature.
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Definition 3.6. Given k, n ∈ N with 1 ≤ k < n, let gn,k0 ⊂ XO(C
n) be the Lie
algebra of holomorphic vector fields vanishing on {zk+1 = · · · = zn = 0} ∼= C
k.
It is known that this Lie algebras have the density property [18]. We will denote
byHj
g
n,k
0
(Cn) the Euclidean space of homogeneous polynomial vector fields of degree
j vanishing on {zk+1 = · · · = zn = 0}.
Theorem 3.7. Let X be a Stein manifold and P : X → JK0,0(C
n)
g
n,k
0
be a holomor-
phic family of K-jets pointwise fixing the linear subspace {zk+1 = · · · = zn = 0}.
Then there exists a holomorphic map F : X → Aut
g
n,k
0
(Cn) such that for any x ∈ X
the following hold:
(i) Fx(z) = Px(z) +O(|z|
K+1) for z → 0;
(ii) Fx(z1, . . . , zk, 0, . . . , 0) = (z1, . . . , zk, 0, . . . , 0) for any (z1, . . . , zk) ∈ C
k.
We point out that property (ii) is another way of saying that the image of F
belongs to the subgroup Aut
g
n,k
0
(Cn) ⊂ Aut(Cn).
Before providing a proof of Theorem 3.7, we will establish a lemma similar to
the ones presented in [12], which were useful in the proof of Proposition 2.5.
Lemma 3.8. For any integer r > 1 there exists a basis of Hr
g
n,k
0
(Cn) such that
each element is a Lie combination of complete vector fields in gn,k0 .
Proof. The proof of this lemma is contained in [17, Proof of 5.1.1]. Given a vector
field X = (X1, . . . , Xn) in H
r
g
n,k
0
(Cn), we define
δ(X) :=
{∑n
j=1
∂Xj
∂zj
; k < n− 1,∑n
j=1
∂Xj
∂zj
− Xnzn ; k = n− 1.
We see that δ is linear and Hr
g
n,k
0
(Cn) splits into ker δ ⊕W , where W is a vector
space isomorphic to δHr
g
n,k
0
(Cn). The latter is itself isomorphic to the space of
homogeneous polynomials of degree r − 1 for k < n− 1, while each monomial has
to be divisible by zn when k = n− 1 [17].
A basis for ker δ such that each element is a Lie combination of complete vector
fields in gn,k0 is provided by [17, Proof of Lemma 5.4], while a basis for W with the
same property is given by [17, Proof of Lemma 5.6, 5.7]. 
Proof of Theorem 3.7. We proceed as in the proof of Theorem 2.5. Precisely, we
are looking for holomorphic maps Sj : X → Autgn,k0
(Cn), j = 1, . . . ,K such that
(⋆) Px ◦ (S
x
1 )
−1 ◦ · · · ◦ (Sxj−1)
−1 = z + P jx(z) +O(|z|
j+1) for z → 0
holds for every j = 1, . . . ,K, where P j : X → Hj
g
n,k
0
(Cn) is a holomorphic family
of homogeneous polynomial vector fields.
As in Proposition 1.2, choose Sx1 to be the linear part of Px. By induction,
suppose we have families satisfying (⋆) for 1 ≤ j ≤ r − 1 < K. We need to find
Sr : X → Autgn,k0
(Cn) such that
Sxr (z) = z + P
r
x (z) +O(|z|
k+1) for z → 0.
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Thanks to Lemma 3.8 we can write P rx as a Lie combination of families of com-
plete vector fields in gn,k0 , each depending holomorphically on x ∈ X . It is known
[17, Proof of Lemma 2.1] that a composition of the time one maps of these families
of complete vector fields gives a family of automorphisms having the prescribed
r-jet at the origin. We set Sr equal to this composition to conclude the induction
step.
The family of automorphisms Fx = S
x
K ◦ · · · ◦S
x
1 has the correct family of K-jets
in the origin and pointwise fixes the set {zk+1 = · · · = zn = 0}. 
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